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ABSTRACT
In 1750, Euler [20, 21] published an extensive paper on amicable pairs, by which he added fifty-nine new
amicable pairs to the three amicable pairs known thus far. In 1972, Lee and Madachy [45] published a historical
survey of amicable pairs, with a list of the 1108 amicable pairs then known. In 1995, Pedersen [48] started to
create and maintain an Internet site with lists of all the known amicable pairs. The current (February 2003)
number of amicable pairs in these lists exceeds four million.

The purpose of this paper is to update the 1972 paper of Lee and Madachy, in order to document the
developments which have led to the explosion of known amicable pairs in the past thirty years. We hope that
this may stimulate research in the direction of finding a proof that the number of amicable pairs is infinite.
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1998 ACM Computing Classification System: F.2.1.

Keywords and Phrases: Amicable numbers.

Note: This paper will appear in the Proceedings of the Conference in Number Theory in Honour of
Professor H.C. Williams, Banff, Canada, May 24-30, 2003. The research of Herman te Riele was carried
out under project MAS2.2 “Computational number theory and data security”.

1. INTRODUCTION

Definition 1.1 The pair of numbers (m,n), with m,n € N and m < n, is called amicable if each of
m and n is the sum of the proper divisors of the other (where the proper divisors of a number are its
divisors including 1, but excluding the number itself).

Let o(m), m € N, be the sum of all the divisors of m, then an amicable pair (m,n) satisfies the
equations:

n=o(m)—m, m=o(n)—n.
In other words,

o(m)=0o(n)=m+n. (1.1)

Example 1.2 The smallest amicable pair is (220,284) = (22 -5 -11,22 - 71): we have, using the
multiplicativity of o and that o(p®) = p*+p*~ L+ .-+ p+1 for any prime p and any positive integer
a’?

0(220) —220="7-6-12 — 220 = 284



and
0(284) — 284 =772 — 284 = 220.

O

This amicable pair has been known at least to the Pythagoreans, ~500 BC. More than twenty centuries
later, in 1636, Fermat announced, in a letter to Mersenne, that he had found the amicable pair

(17296, 18416) = (2*- 23 -47,2% . 1151),
and in 1638 Descartes announced, also in a letter to Mersenne, the amicable pair
(9363584, 9437506) = (27 - 191 - 383,27 - 73727).

Only quite recently, Borho discovered that the pair (17296, 18416) was found earlier, in the 14th
century, by Ibn al-Banna’ [9] and also by Kamaladdin Farist [11]. Hogendijk [38] concludes from the
way Thabit ibn Qurra presented his famous 9th century Rule (see Section 4), that Thabit must have
known the pair (17296, 18416). Borho also discovered that the pair (9363584, 9437506) was found near
the year 1600 by Muhammad Baqir Yazd1 [11].

In 1750 Euler published an extensive article on amicable pairs with a list of 59 new amicable pairs
[20, 21]. In 1946, Escott published a complete list of all 233! amicable pairs known by 1943 [19]. In
1972, Lee and Madachy published a historical survey of amicable pairs, together with a list of the 1108
amicable pairs then known [45]. In 1986, te Riele published a list of all amicable pairs with smaller
member < 10'° [53], and with Borho, Battiato, Hoffmann, and Lee, a list of the 10455 amicable
pairs with smaller member between 10 and 10°2, known at that time to the authors [55]. In 1995,
Pedersen started to create and maintain an Internet site with lists of all the known amicable pairs
[48]. This site also gives various lists of amicable pairs of a special form and statistics, together with a
discoverer overview. At the time of writing the present paper (February 2003), the number of known
amicable pairs listed on Pedersen’s site equals 4048420. The members of the largest known amicable
pair each have 5577 decimal digits [29].

The purpose of this paper is to present a concise survey of our current knowledge on amicable pairs,
both theoretical (Section 3) and computational (Sections 4-7), in order to update the 1972 paper
of Lee and Madachy, and in order to document the developments which have led to the explosion
of known amicable pairs in the past thirty years. The paper closes with several unsolved questions
concerning amicable pairs (Section 8). Various rules are given for finding amicable pairs. Because of
space limitations, no proofs of these rules are supplied here, except in the case of Euler’s Rule, which
generalizes the classical rule of Thabit ibn Qurra.

Ackowledgements We are grateful for the comments of two referees which helped to improve the
presentation of this paper.

2. PRELIMINARIES
An integer m € N is called abundant if o(m) > 2m, deficient if o(m) < 2m and perfect if o(m) = 2m.
The smaller member of an amicable pair is abundant, and the larger member is deficient.

Consider an amicable pair (m,n) (with m < n) and let g = ged(m,n). This pair is called of type
(i,4) (4,5 € N) if the number of different prime factors of m/g which do not divide g is 4, and if
the number of different prime factors of n/g which do not divide g is j. If both m/g and n/g are
squarefree, and if ged(g, m/g) = ged(g,n/g) = 1, then the pair is called regular; otherwise, it is called
irreqular or exotic. Regular amicable pairs of type (¢,7) are of the form (g - pips...pi, g9 q1q2...45)
and may be displayed, for convenience, as

g{ pip2 .. .-Pi
q192 - - - q;

LChecks by Lee [45, p. 88] reduced this number to 219.




Example 2.1 The amicable pair (2% -5-131, 22-17-43) is of type (2,2) and regular. O
Example 2.2 The amicable pair (3% -5-7-13, 3-5-7-139) is of type (1,1) and irregular. It is the
smallest amicable pair in which both members are odd. O

If ¢ is some common divisor of an amicable pair (m,n) with ged(g,m/g) = ged(g,n/g) = 1, and if
h # g is a positive integer for which o(h)/h = o(g)/g with ged(h,m/g) = ged(h,n/g) = 1, then it is
easy to show that the pair of integers (hm/g, hn/g) also forms an amicable pair. Such amicable pairs
are called isotopic. Many isotopic amicable pairs are known.

Example 2.3 For the amicable pair

s o 11-17-227
3 5{ 233753

and g = 3% -5, we have o(g)/g = (40-6)/(27-5) = 16/9, and for h = 3% -7-13 we have o(h)/h =
(13-8-14)/(9-7-13) =16/9 = 0(g)/g so that also

) o 11-17-227
3T ]3'{ 23-37-53

is an amicable pair, isotopic to the former one. a

Example 2.4 The maximum number of isotopic pairs known to us, is seven. Here is an example.

For the amicable pair
15629 - 296969
4641641099

and g = 3%-5%-19- 31, we have o(g)/g = 1024/513 and we know six values of h, namely, 3*-7-112.
192.127, 35.72.13-192.127, 310.5.19.23.107-3851, 36.5-19-23-137-547-1093, 3*.7-112-19*.151-911,
and 3% - 713 -19* - 151 - 911, for which o(h)/h = 1024/513. Hence, by replacing the common part
33.52.19-31 in the above amicable pair by these six values, we obtain siz other amicable pairs, isotopic
to the first one. O

33-52-19~31.521{

Now and then, we will abbreviate “amicable pair” to: “AP”. When we write: “a 100D AP”, we
mean an amicable pair (m,n) where m (and very often also n) has 100 decimal digits.

3. THEORETICAL RESULTS

3.1 The number of amicable pairs

Let A(z) be the number of amicable pairs (m,n) with m < z. Despite the fact that the number
of currently known amicable pairs exceeds four million, it is not known whether A(x) is unbounded.
On the other hand, Kanold [41] showed that the density of the amicable pairs is less than 0.204, i.e.,
lim, o0 A(x)/z < 0.204, and Erdés [18] proved that the density of the amicable pairs is zero. The
best result to date is from Pomerance [49] who showed that

Az) < x - exp(—log'/? z) (3.1)

for large . For z = 1019, 10!, 1012, 10'3, we have A(x) = 1427, 3340, 7642, 17519, while the right
hand side of (3.1) yields 5.8 x 108, 5.3 x 10%, 4.9 x 10'°, and 4.5 x 10!, respectively. This illustrates
how far the best theoretical estimates are still away from the actual amicable pair counts.

Borho proved [6] that if w is the total number of prime factors of an amicable pair (m,n) (taking
into account multiple prime factors), then m - n < w?". It follows that for a given positive bound S
there are only finitely many amicable pairs (m,n) with less than S prime divisors (in m - n). This
result was improved by Borho [7] as follows: if we fix the number of different prime factors of one
member of an amicable pair and the total number of divisors of the other member, then there are only
finitely many amicable pairs satisfying these conditions. If we fix the number of different prime factors
of both members of an amicable pair, then there are only finitely many relatively prime amicable pairs
which satisfy these conditions.



3.2 Relatively prime amicable pairs

Inspection of the lists of known amicable pairs [48] shows that all known amicable pairs have a common
divisor > 1. It is not known whether amicable pairs exist whose members are relatively prime. Lee and
Madachy [45, p. 84] report that Hagis determined that there are no relatively prime amicable pairs
(m,n) with m < 10°°. In [37] Hagis proved that the product mn of the members of a relatively prime
amicable pair has at least twenty-two different prime factors. Concerning relatively prime amicable
pairs of opposite parity, i.e., one member is even and the other is odd, Hagis proved that mn > 10'2!
and both m and n exceed 10 [36].

3.8 Amicable pairs of a given form
In all known amicable pairs, one member has at least two and the other has at least three different
prime factors.

Concerning the question of the existence of amicable pairs where one member is a pure prime power,
Kanold proved that if one member is of the form p® and the other of the form ¢y g5° ... qf 7, where
D,q1,4G2, - --,q; are distinct primes and «, B1, B2, ..., 5; are positive integers, then both members are
odd, a is odd, a > 1400, j > 300, n = p®(> m), and m > 10*°% [39)].

Concerning pairs where one member has precisely two distinct prime factors, Kanold [40] proved that
m = pPps2, n = ¢ ¢5* cannot be an amicable pair, and in view of the known pair (22-5-11,22.71),
this result is best possible.

For even-odd (not necessarily relatively prime) amicable pairs it is known that one member is of
the form 2%M? and the other is of the form N2, both M and N being odd. Kanold [40] proved that
if > 1 then m = 2°M?(< n), and that if « = 1 then m = N?(< n) and N must contain at least five
distinct prime factors. For more results on even-odd amicable pairs, we refer to [40, 35].

For even-even amicable pairs, Lee [44] showed that neither member of an even-even amicable pair
is divisible by three. Gardner [34] observed that most known even-even amicable pairs have sums
divisible by nine. Lee [44] characterized the exceptions to this observation and Pedersen [48] has
listed all the (557 currently) known exceptions. Concerning the ratio m/n of an even-even amicable
pair (m,n), it is known [45] that m/n > 1/2. The smallest known m/n ratio for even-even amicable
pairs is 0.6468, for the following irregular AP (11D) of type (5, 3):

gui  5°-72-23-43.263
191-967-13337

found in 1992 by David and Paul Moews [47].

For odd-odd amicable pairs, Bratley and McKay [12] conjectured that both members of an odd-odd
AP are divisible by 3. This was disproved by Battiato and Borho in 1988 [3] who gave fifteen odd-odd
APs (between 36D and 73D), with members coprime to 6. Many more such APs were published in
1992 by Garcfa [26]. The currently smallest known AP (16D) with members coprime to 6 was found
by Walker and Einstein in 2001 [48]:

52.72.11-13-19-31-17-23-103 - 1319
53.7-11-13-19-31-37-43-61-809
In 1997, Yasutoshi Kohmoto [48] found many odd-odd APs with smallest prime divisor 7, the smallest

being 193D. The smallest known m/n ratio for odd-odd amicable pairs is 0.5983, for the following
irregular AP (14D) of type (6, 3):

g2 g2 [ 5%-T2-11-23-29%.233
53 - 337 - 5682671 ’

found in 1997 by David Einstein. The pairs with ratio closest to 1/2 are all irregular.



4. THABIT-RULES TO GENERATE AMICABLE PAIRS

The three amicable pairs mentioned in the Introduction are the oldest known APs and, according to
the classification given in Section 2, they all are of type (2, 1), and regular. This is no accident, since
these APs are instances of a “rule” to find regular amicable pairs of type (2,1), known as the

Rule of Thabit ibn Qurra (9th century)
2%pq and 2Fr form an amicable pair if p=3-2F1 -1, ¢=3-28 —1 and r = 9-2?*71 — 1 are all
primes and k > 1.

For k = 2,4,7 this rule yields the three amicable pairs given in the Introduction, but it yields no
other amicable pairs for k£ < 191600 [10, k& < 20000], [42, k£ < 191600]. Euler generalized this rule to
one which finds all the amicable pairs of the form (2*pq, 2%r):

Euler’s Rule
2%pq and 281 form an amicable pair if p =2F"1f —1, ¢ =2Ff —1 and r = 22~ 2 — 1 are all primes,
with f =241 and k > 1> 1.

For [ = 1, this is Thabit’s Rule. For [ > 1, two more solutions are known, namely, for [ = 7,k = 8
(Legendre, Chebyshev [45]), and for [ = 11,k = 40 (te Riele [50]).

Proof of Euler’s Rule. By (1.1), k, p, ¢, and r must satisfy the two equations
(p+1(g+1) = (r+1) and "' = 1)(p+1)(g+1) = 2" (pg + ).

It follows that
r=pq+p+gq

and

[p— (2" -1)] [q— (2F - 1)] = 2%, (4.1)

By writing the right-hand-side of (4.1) as AB, where A = 2¢¥=! and B = 2**! for some integer
I €1,k — 1], all the possible solutions of (4.1) can be written as

p=2F 1491 =9k _ 14 okH

and we obtain an amicable pair if the three integers p = 2¥74(2! +1) — 1, ¢ = 2¥(2' + 1) — 1, and
r=pq+p+q=2%"12" +1)2 — 1 are all prime. a
Euler’s Rule requires that three numbers are prime simultaneously. Walter Borho [5] has studied
rules to construct amicable pairs which require fwo numbers to be prime simultaneously. Borho’s
study was motivated by the question whether the set 9(by, b, p) of amicable pairs of the form

(m1,m2) = (b1p*q1, bap®qe),

where b; and by are positive integers and p is a prime not dividing b1bo, can be infinite in the sense
that there are infinitely many positive integers k and primes q; = g1(k), g2 = g2(k) for which (my, ms)
is an amicable pair. Borho found that a necessary condition for 9 (b1, b2, p) to be infinite is that

P b L bo
p—1 o) o(ba)

This led him to the following

(4.2)



Borho’s Rule
Let p,by1,ba € N be given, where p is a prime not dividing b1ba, satisfying (4.2). If for some k € N and
fori=1,2,

pF(p—1)(b1 + b2)

;= -1, 4.3
q =) (4.3)
is a prime not dividing b;p, then (b1p*q1, bap¥q) is an amicable pair.

This is an example of what Borho calls a Thabit-rule [5]: a statement, for k = 1,2,..., on am-

icable pairs involving powers p¥ of a prime p. Of crucial importance in Borho’s Rule is that the
numbers ¢; and ¢z in (4.3) are integral.

Example 4.1 The triple by = 22511, by = 22, p = 127 indeed satisfies (4.2) and, moreover, the
numbers q1 and qs are integral, giving the Thabit-rule:

(22.127%.5-11-¢,22-127% - q2) is an amicable pair for each k € N for which both ¢; = 56 - 127% — 1
and go = 56 - 72 - 127% — 1 are prime.

For k = 2 indeed both q1 and g2 are prime, so that this yields the AP (22 -127% .5 11 -903223,22 .
1272 - 65032127). a

Notice that one of the members of this pair is divisible by 220, the smaller member of Pythagoras’s
AP. This is no accident: Borho discovered that if we start with an amicable pair of the form (au, as),
with ged(a,us) = 1 and s a prime, then in Borho’s Rule we may choose b; = au and by = a and we
obtain

bl bg u + S + 1

4 —
o(by)  o(ba) u+s

Now if u + s+ 1 =: p is a prime, then the triple by, be, p satisfies (4.2), the numbers ¢; and ¢o turn

out to be integral, and we have obtained

Borho’s Rule, special case

Let (au,as) be an amicable pair with ged(a,us) =1 and s a prime, and let p=u+ s+ 1 be a prime
not dividing a. If for some k € N both g1 = p*(u+1) — 1 and go = p*(u + 1)(s + 1) — 1 are primes
not dividing a, then (aup®qi, ap®qo) is an amicable pair.

Example 4.2 Take the amicable pair (3*-5-11-29-89,3%.5.11-2699), soa = 3*-5-11, u = 29 -89,
and s = 2699. Now p=u+ s+ 1 = 5281 is a prime not in a, giving the Thabit-rule:

(3*-5-11-5281%-29-89-¢q1, 3*-5-11-5281% - g3) is an amicable pair for each k € N for which both
q1 = 2582 - 5281F — 1 and ¢o = 2582 - 2700 - 5281F — 1 are prime.

For k =1 indeed both q; and ga are prime, so that this yields the amicable pair, found by Lee [5]:

4 29 - 89 - 13635541
35115281 { 36815963399

Te Riele [50] found that k = 19 is the next value of k for which this rule gives an AP (being 152D).
Borho [10] showed that there are no other values of k < 267 for which this rule yields APs. a

Currently, there are more than 2000 amicable pairs of the form required by the special case of Borho’s
Rule. The numbers ¢; and go in this rule grow very quickly with k& so that very often at least one of
them is composite. Only a few amicable pairs have actually been found in this way [5, 50, 15, 8, 10, 11].



The requirement in Borho’s Rule that ged(a, us) = 1 with s a prime implies that ged(a,u) = 1. We
notice that this requirement is not necessary. For example, the amicable pair (3%-5-7-13,3-5-7-139)
is of the form (au,as) with a = 3-5-7, u = 32-13 and s = 139 prime, but ged(a,us) = 3 # 1.
Nevertheless, since u + s+ 1 = 117 + 139 + 1 = 257 is prime, we have the Thabit-rule:

(3%-5.7-13-257% . qy, 3-5-7-257F . o) is an amicable pair for each k € N for which both
q1 = 118-257% — 1 and go = 118 - 140 - 257F — 1 are prime.

We conclude that the requirement in Borho’s Rule, special case, that ged(a,us) = 1 (with s a prime)
can be relaxed to: s is a prime not dividing a. In [10] Borho noticed that in the requirement that
(au,as) is an amicable pair, i.e., that o(au) = o(a)(s + 1) = a(u + s), s need not be a prime. This
situation is related to Borho’s Rule with breeders, explained in Section 5.

Wiethaus [57, Theorem (10.2), p. 98] considered Borho’s Rule with b = aS, by = aq, where
a,S,q € N, S is squarefree, ¢ a prime, and ged(a, S) = ged(a, q) = ged(S, q) = 1. The requirements
(4.2) and (4.3) with g; integral led him to the following

Wiethaus’s Rule
Let a, S € N with S squarefree, ged(a, S) =1, and

a_ _ a(9)
ola) S+oa(S)—-1"

Write
U(S)(S+ O'(S) — 1) = DlDQ

with D1, Dy € N. If p:= D1+ S+ 0(S) and q := Dy + o(S) — 1 are distinct prime numbers with
ged(p, aS) = ged(q,a) = 1, then the following Thabit-rule holds:

if for some k € N the two numbers

¢ = (p+q)p* —1 and go:= (p— S)p* — 1

are prime with ged(qy, aS) = ged(qo, aq) = 1, then (aSpFqi, aqp®qn) is an amicable pair.

With help of this rule, Wiethaus [57] was able to generate more than 100,000 Thabit-rules and 10,000
new amicable pairs?, including the first AP whose members have more than 1000 decimal digits.
About ten years later, Zweers [60] and Garcia used Wiethaus’s Rule to establish new AP records. In
Table 1 we list the nine consecutive APs of record size, starting with the pair of 1041 decimal digits,
found by Wiethaus in 1988, and ending with the pair of 5577 decimal digits, found by Garcia in 1997.
We do not list the decimal representations of these large APs, but we give the values of a, S, Dy,
and k to be chosen in Wiethaus’s Rule by which the decimal representations of these APs can be
reconstructed. All these APs are regular of type (5,2), except the third one (1923D) which is regular
of type (7,2).

The condition in Wiethaus’s Rule that S is squarefree is not necessary. Pedersen used this rule to
find, in 2001, the largest known irregular amicable pair (651D), namely for

a=23%2-52.312.331,S =73 - 743 - 256651 - 36276899, D1 = 3101990448933961728, k = 16.

2In fact, the majority of these new APs was found from a result which Wiethaus obtained by taking k = 0 in his
Rule. Only relatively few of Wiethaus’s APs were generated with Thabit-rules produced by Wiethaus’s Rule (i.e., for
some k > 1).



size discoverer a S, D k

1041D  Wiethaus [57] 2% S =569 - 5039 - 1479911 - 30636732851 20
D; = 5401097100220261207680000

1478D  Zweers [58] 210§ = 1087 - 17509 - 2580653 - 1220266291199 27

D, = 426458207232
1923D Garcia [27] 105 S =11-13-37-3779 19994749 - 6553914555541 28
D; = 1615208240046043904322043773115200

2725D Zweers [59] 210§ =1087 - 17509 - 2580653 - 1220266291199 o1
D = 18329101258457088

3193D Garcfa [27] 29§ =569-5039 1479911 - 30636732851 67
D; = 569031058361920000

3383D Garcia [28] 29§ =569 502322866511 - 287905188653 65
D; = 1164968493698251104480

3766D Zweers [59] 210§ =1087 - 17509 - 2580653 - 1220266291199 65
D; = 33527955899482070187822284800

4829D Garcia [29] 211§ =2131-51971 - 168605317 - 15378049151 89
D; =1211082626633348448

5577D Garcia [29] 211§ =2131-51971 - 168605317 - 15378049151 103

Dy = 18501732599907428352

Table 1: Amicable pairs of record size (found with Wiethaus’s Rule)

5. SEARCHES OF AMICABLE PAIRS OF A SPECIAL FORM

Euler [21] was the first to study the subject of amicable numbers in a systematic way. In fact, most
amicable pairs known today have been found by methods which have their roots in Euler’s study.
Here, we only give a short outline of Euler’s methods. For a detailed description of Euler’s methods,
we refer to [45, pp. 79-83].

Euler looked for amicable pairs of the form (aM,aN), where a is a given common factor and M
and N are unknowns with ged(a, MN) = 1. By choosing a = 2¥, k € N, M = pg, N = r, where p, q,r
are distinct primes, we obtain the rules of Thabit and of Euler, described in Section 4. Substitution
of (m,n) = (aM,aN) into the defining equations (1.1) yields the equations

o(a)o(M) =o(a)o(N)=a(M + N), (5.1)

from which
o(M)=0o(N).

Euler considered various combinations of variables in M and N.

Example 5.1 By choosing a = 3%-7-13, M = pq, and N = r, Euler found the first amicable pair
whose members are odd: (32-7-13-5-17,3%-7-13-107) = (69615, 87633). O

FEuler also considered a different approach, namely by assuming that M and N are given numbers,
satisfying o(M) = o(N), while a is to be found, satisfying o(a)/a = (M + N)/o(M). If ged(a, M) =
ged(a, N) =1, then (aM,aN) is an amicable pair because

olaM) =o(a)o(M)=a(M + N) =aM + aN

and
o(aN)=oc(a)o(N) =0c(a)o(M) = o(aM).



Solving the equation o(x)/z = B/A with gcd(A4, B) = 1 may be done recursively as follows. If p"||A
for some prime p and positive integer n, then p™|x for some m > n. Now fix some m and substitute
p™y for x, and try to solve the resulting equation o(y)/y = (Bp™)/(Ao(p™)) where the fraction of
the right hand side has been reduced to its lowest terms. Garcia found 153 new amicable pairs with
help of this “unknown common factor method” [23, 45].

Lee [43] considered amicable pairs of the form (m,n) = (Apgq, Br) where p,q,r are primes with
ged(A, pg) = ged(B,r) = 1. Substitution into (1.1) yields a bilinear equation in the unknowns p and
q of the form

(c1p — e2)(c1q — c2) = cs, (5.2)
where
Cc1 = AJ(B) — Cg, Co = O'(A)(U(B) — B), C3 = U(B)(301 + ACQ),
and

_ oA+ 1D(g+1)

(5 1 (5.3)

By writing the right hand side of (5.2) in all possible ways as a product of two positive integers, and
equating with the left hand side, all possible solutions will be found. A very favourable situation arises
when ¢; = 1 or a small positive integer. Many APs have been found in this case. For example, if
A = B, then (5.2) reduces to

(24 = o(A))p = (o(A) = A)][(24 — 0(A))g — (0(4) — A)] = A2, (5-4)

and if A= B =2* k € N, then (5.2) reduces to (4.1).
In [52] te Riele noticed that if (byr1,bors) is a known amicable pair where r1,ry are primes with
ged(by, 1) = ged(ba, 2) = 1, then by choosing

A=by, B=bh

and by dividing out common factors of ¢y, ca,c3 from (5.2), the coefficient of p may become 1 or a
small integer > 1.

Example 5.2 Given the AP [53, # 37] (23-17-19-281,23-53-1879), we may take A =23.53,B =
23.17-19, and find that ¢; = 26-33 -5, ¢; = 29.3%. 5. 11, c3 = 2!2.3%.5%.7.409, so that (5.2)
becomes:

(p — 264)(q — 264) = 5% - 7 - 409.

Writing the right hand side as 175 - 409, we obtain p = 439, ¢ = 673, and, from (5.8), r = 44483, all
primes, yielding the amicable pair (23 - 17 -19 - 44483,23 - 53 - 439 - 673). |

A special case of the method of [52] leads to the following “mother-daughter” rule® by which many
amicable pairs have been found.

te Riele’s Rule
Let (au,ap) be a given amicable pair where p is a prime not dwiding a. If a pair of distinct prime
numbers r, s exists, with ged(a,rs) =1, satisfying the bilinear equation

(r=p)(s—p)=({@+1)(p+u),

3The “rules” given in this section are different from the Thabit-rules given in Section 4, in the sense that a Thabit-
rule is an infinite set of statements on amicable pairs, namely, for K = 1,2, ..., whereas the rules in this section do not
depend on such a parameter.
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and if a third prime q exists, with ged(au,q) =1, such that
g=r+s+tu,

then (aug, ars) is an amicable pair.

Example 5.3 For AP # 106 [48]:
(32-5%.13-11-59,3%-5- 13 - 18719)

we have a = 32 -5-13, v = 5211 -59 = 16225, p = 18719 and application of te Riele’s Rule
yields (p+ 1)(p +u) = 22 .3%.5.7- 132 Writing this as 2688 - 243360, we obtain the three primes
r = 18719 4 2688 = 21407, s = 18719 + 243360 = 262079, and q = 21407 4 262079 + 16225 = 299711,
and thus the AP

(3%-5%.13-11-59-299711,3% - 5- 13 - 21407 - 262079).

A second AP is obtained by writing (p + 1)(p + ) as 3120 - 209664. O

This rule, with the restriction that ged(a,u) = 1, was given in [51]. By applying it to the 152D AP
mentioned in Example 4.2, te Riele found 11 new APs of record size (at that time), the largest being
282D.

In the case ged(a,u) = 1, the right hand side of the bilinear equation in te Riele’s Rule can be
written as

0+ Do+ ) = (0)? 22,
and we may expect this number to have more prime factors, hence more divisors, as u has more prime
factors. So APs of type (4, 1) with large value of ¢ (which denotes the number of different prime factors
of u) may be expected to be particularly suitable as input to te Riele’s Rule. Succesful attempts to
find APs of type (i,1) are described in [15, 16, 30, 31, 33].*

The largest value of i for which APs of type (i,1) are known is ¢ = 7: in 2001, Garcia found the
first such AP [33] (105D), and one year later, Pedersen found two other examples of such APs [48]
(48D, 113D). The number of daughter APs generated with te Riele’s Rule from Pedersen’s 48D AP of
type (7,1) is 1433.5 The mother pair with the largest number of daughters generated with te Riele’s
Rule, namely: 80136, is the 65D AP of type (5,1) (found by Pedersen in 1997):

33.5.17.99. 37{ 9619 - 175649 - 2174822171 - 3699104087781354907 - 552654745834954629043
7512723994458805334811002008295593545353601623096999231999

By replacing the common factor 3% -5 in all these APs by 32 -7 - 13, another 80136 APs, isotopic to

the former set, are identified.

In [48] a separate list is given of all the (currently: 2008) known regular and irregular APs of type
(i,1), suitable as input for this rule. We notice that not all irregular amicable pairs of type (i,1) are
suitable as input for this rule, like Euler’s pair (23 - 19 -41,2° - 199).

Borho and Hoffmann [11] realized that the condition in te Riele’s Rule that (au, ap) is an amicable
pair, can be relaxed as follows.

4Recently, Kohmoto communicated to one of us (JMP) the following interesting rule to generate APs of type (2, 1)
from other APs of type (2,1): if (apq,ar) is an AP of type (2,1) and if u = 2¢+1, s = (p+1)(2¢+ 1) — 1, and
t = (p+1)(s+ 1) —1 are distinct primes, with gcd(a,ust) = 1 and u # p, then (aups,aut) is also an AP of type
(2,1). We know six pairs of APs of type (2,1) which are “related” to each other by this rule. For example, from
(22-5-11,22.71), this rule generates Euler’s AP (22-23.5-137,22.23-827). Another example: from Borho’s AP (found
in 1983), given by a = 3%-72.11-19-461, p = 5531, ¢ = 38723, r = 214221167, we find the three primes u = 77447,
s = 428436803, and t = 2370112399727 which represents an AP found by Garcia in 1995.

5We are currently generating and counting the daughters of the other two APs of type (7,1).
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Definition 5.4 A pair of positive integers (a1, as) is called a breeder if the equations
a1 + azxr = o(ay) = o(az)(z+1) (5.5)
have a positive integer solution x. O

By replacing the assumption in te Riele’s Rule that (au, ap) is an amicable pair by the assumption
that (au,a) is a breeder, we obtain the more general

Borho’s Rule with breeders
Let (au, a) be a breeder, with integer solution x. If a pair of distinct prime numbers r, s exists, with
ged(a, rs) = 1, satisfying the bilinear equation

(r—z)(s—z)=(z+1)(z+u),
and if a third prime q exists, with ged(au,q) =1, such that
g=r+s+tu,

then (aug, ars) is an amicable pair.

Borho made the restriction that ged(a,u) = 1, but this is not necessary (and we have left it out
from Borho’s Rule above).

From the definition of a breeder, it is clear that any method by which we may find amicable pairs
of type (i,1),7 > 1, may be used to find breeders, because, if in (5.5) x is a prime not dividing a, then
the pair (aj,asz) is an amicable pair. As an example, let us consider Lee’s method, described after
Example 5.1, for finding amicable pairs of the form (Apgq, Br), where we choose A = B. This yields
equation (5.4) for p and ¢, while equation (5.3) for  becomes: r = pq + p + ¢q. So for any two primes
p and ¢ not dividing A, and satisfying (5.4), we have found a breeder (Apg, A), and if r happens
to be a prime, then we have found an amicable pair (Apg, Ar). We have applied Lee’s method to
all values of A < 10%, and we have found 305 breeders, of which 75 are (known) amicable pairs of
type (2,1). The smallest breeder (i.e., with smallest A-value) is (22 -5 - 11,22) with r = 71, a prime,
so this gives an amicable pair, and next comes the breeder (23 - 11 -23,23) with r = 287 = 11 - 17.
Application of Borho’s Rule to this breeder yields three amicable pairs of the form (Aug, Avw) (with
A =23 u=11-23), namely, for (v,w,q) = (383,1907,2543), (467, 1151, 1871), (647,719,1619). These
three APs were already found by Euler [21]. Application of Borho’s Rule to all the 305 breeders
(Apq, A) with A < 10® gave 4779 daughter amicable pairs, an average of 15.7 daughters per breeder.
The 75 amicable pairs among these 305 breeders gave 929 daughters, an average of 12.4 daughters per
AP-breeder.

With Stefan Battiato, Borho has extended his breeder method [4], namely by using the output breed-
ers of Lee’s method as input of a next application of Lee’s method. With their experiments, Battiato
and Borho showed an exponential growth of the number of breeders in subsequent “generations”. In
their main search they produced almost one million breeders and 26684 amicable pairs.® With their
searches, Borho and Battiato were able to extend the number of amicable pairs, known in 1987, from
about 13760 to about 51560. Their “champion” breeder is the breeder (au, a), with

a=3%-7".11-13-79 and u = 1013 - 6180283 - 2091919367.

from which Borho’s Rule generates a total of 3634 APs.

Based on the search ideas described in this section, Garcia [33] succeeded to find more than one
million new amicable pairs. Although he formulated it somewhat differently, Garcia applied Borho’s
Rule with breeders. In one particular case, namely from the breeder (au,a), with

a=23%5%.19-31-757- 3329

6This number of APs could have been much larger if their precision would not have been restricted to 29 decimal
digits.
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and
u = 1511 - 72350721629 - 2077116867246979,

Garcia found 35279 new amicable pairs. In addition, each of these amicable pairs has six isotopic
APs, obtained by replacing 33 - 52 - 19 - 31 by the six values given in Example 2.4.

Pedersen has built up a database of known breeders (au,a) and he has applied Borho’s Rule to
most of them. Table 2 surveys the status of this database at the time of writing of this paper. Of
all the breeders in this database, there are 363 for which ged(o(a),u) > 1. Not a single daughter
was generated from these breeders. We can prove that indeed this is not possible, at least for those
breeders for which o(a)/a > 3/2 holds.” Closely related to this result is the fact (easy to prove) that
if (m, n) is a regular AP with a = ged(m, n), then ged(o(a), m/a) = ged(o(a),n/a) = 1. In fact, more
than 90% of the amicable pairs currently known have been found with the help of te Riele’s Rule and
Borho’s breeder versions of it.

number of
primes breeders amicable pairs breeders to which daughter APs
dividing u (au, a) among these Borho’s Rule generated
breeders  has been applied
2 1130 498 1124 59633
3 3619 919 3342 951482
4 1970 406 1832 843647
5 1144 108 812 580886
6 207 14 96 108479
7 44 3 11 3412
8 2 0 1 2124
8116 1948 7218 2549663

Table 2: Status of Pedersen’s database of breeders of the form (au,a)

6. EXHAUSTIVE SEARCHES

One not particularly clever way to find amicable pairs is to compute for all the numbers m in a given
interval [A, B] the value of o(m) —m =: n followed by the computation of the value of o(n) —n. If the
latter equals m, we have found an amicable pair.® This involves one or two complete factorizations,
in case m is deficient or abundant, respectively. However, a closer look reveals that it is sometimes
possible to find out whether a given number m is deficient (hence cannot be the smaller member of
an amicable pair) without the need to factor it completely. Moreover, once o(m) and n have been
computed, it may be possible to discover that o(m) # o(n) without the need to factor n completely.
Te Riele used these ideas in an exhaustive search of all the amicable pairs with smaller member < 1010
[53]. In an exhaustive search up to 10!, Moews and Moews [47] (also see [46]) used a sieve to calculate
o(m) for all m in a given interval.

Exhaustive amicable pair searches have been carried out up to the bound 10'3. Table 3 surveys
the milestones in these searches. The two numbers between parentheses in the A(x)-column give the
number A;(x) of irregular amicable pairs (m,n) with m < z , and the ratio 4;(z)/A(z), respectively.
This ratio seems to have stabilized near 22% at the end of the table. The number between parentheses
in the last column indicates which fraction of the total number of APs found were new (at that time).
In 2000, Einstein searched the interval [102,10'3] and found 8650 new amicable pairs. Since this

"For breeders (au, a) for which a is even, it is easy to see that o(a)/a > 3/2; for odd a we do not know any breeders
for which o(a)/a < 3/2.
8Walter Borho once characterized this “method” as catching fish from a pond by pumping out all the water.



13

search was not completely exhaustive, Chernych searched the same interval in 2002, but now in a
completely exhaustive way. Chernych found ten new amicable pairs which were missed by Einstein.

name(s) x A(z)(Ai(x), A;/A)  # new APs found
Rolf [56] 10° 13(4, 0.3077) 1 (0.077)
Alanen, Ore and Stemple [1] 108 42(11, 0.2619) 8 (0.276)
Bratley, Lunnon and McKay [13] 107 108(28, 0.2593) 14 (0.212)
Cohen [14] 108 236(55, 0.2331) 56 (0.438)
te Riele [53] 1010 1427(345, 0.2418) 816 (0.685)
Moews and Moews [47] 101! 3340(763, 0.2284) 1262 (0.659)
Moews and Moews [48] 2 x 101t 4310(955, 0.2216) 860 (0.887)
Moews and Moews [48] 3% 1011 4961(1114, 0.2246) 463 (0.711)
Einstein and Moews [48] 1012 7642(1682, 0.2201) 1965 (0.733)
Einstein and Chernych [48] 1013 17519(3833,0.2188) 8660 (0.877)

Table 3: Exhaustive amicable pair searches

As in [53], we have compared A(z) with v/z/In’(z), for i = 1,2,3, see Table 4, but here we have
added i = 4. From these figures it seems that at least for the three largest values of x in Table 4, the
growth of A(z) is characterized best by the function v/z/In*(z).

A A@h@)/vi A@@/Ve A@@/Ve AR @)/

10° 13 0.473 5.45 62.7 722
108 42 0.580 8.02 111 1530
107 108 0.550 8.87 143 2305
108 236 0.435 8.01 148 2717
10° 586 0.384 7.96 165 3418
1010 1427 0.329 7.57 174 4011
101t 3340 0.268 6.78 172 4347
1012 7642 0.211 5.83 161 4454
101 17519 0.166 4.96 149 4448

Table 4: Comparison of A(z) with /z/In’(z) for i=1,2,3,4

7. SEARCHES BY FINDING MANY SOLUTIONS OF o(z) = S
Erdé8s suggested the following way to find amicable pairs, which is based on (1.1): for given S € N, if
T1,T2,... are solutions of the equation

o(x) =S5,

then any pair (z;,z;) (i # j) for which x; +x; = S, is an amicable pair.” Heuristically, values of S for
which the equation o(x) = S has many solutions have an increased chance to yield amicable pairs. Te
Riele has worked out this idea [54] by developing an algorithm for finding as many as possible solutions
of the equation o(z) = S. A critical choice is the value of the pair sum S. Inspection of the pair
sums of known amicable pairs revealed that in many cases these sums only have small prime divisors.
In particular, among the 1427 APs below 1019 there are 37 pairs of APs (but no such triples) having

9Erdés’s idea was communicated to te Riele by Carl Pomerance.



14

the same pair sum, and in these 37 pair sums the largest occurring prime is 37. Suggested by this,
many possible pair sums S € [4 x 10,2 x 1012] were generated having a similar prime structure and
to each of these numbers S the algorithm was applied to find as many as possible suitable solutions
of the equation o(x) = S, followed by a search of pairs of solutions (z1,z2) summing up to S. As a
result 565 new APs were found in the interval [2 x 10! 10'2] ([54] and Report NM-R9512). Of the
APs found, 20.6% are irregular. This suggests that the method used here finds regular and irregular
amicable pairs in about the same ratio as the exhaustive searches of Section 6.

We notice that the method of this section can be extended with help of the unknown common factor
method, mentioned after Example 5.1: for those M, N with o(M) = o(N) but o(M) # M + N we
may try to find a such that o(a)/a = (M + N)/o(M).

In [48] Pedersen keeps a list of pair sums S for which there are at least two APs with this pair sum.
The current champion is

S = 1060088020992000 = 218 .35 .5%.72.11-13- 19,

for which there are eight APs having this pair sum, six being odd-odd, two being even-even. The
smallest odd-odd AP with this pair sum is

3.5.7 23-29-37-83-103 - 23099
31-71-109 1481 - 14699

and the smallest even-even AP with this pair sum is

922 .19 31-41-43-53-569 4159
17-191-607 - 1091 - 3299

The numbers of known k-tuples of amicable pairs having the same pair sum are 1831, 180, 30, 5, 1
for k = 2,3,4,5,6, respectively.

8. QUESTIONS
We close with a number of unsolved questions.

1. Are there an infinite number of amicable pairs?

2. Is there an amicable pair whose members have opposite parity?
3. Is there an amicable pair whose members are relatively prime?
4. Ts there an amicable pair with pair sum equal to 1 mod 3?7

5. For any given prime p, is there an amicable pair whose members have no prime factors < p?
According to Section 3.3 this is known to be true for p = 3,5 and 7.

6. Are there any amicable pairs whose members have different smallest prime factors?
7. Are there amicable pairs for all possible types?

We trust that this paper has convinced the reader that the answer to Q1 is yes. We also believe that
the answer to Q5 is yes. We do not have an opinion on the other questions.

One of the referees has pointed out that the question about the infinity of the number of amicable
pairs may be compared with the same question for Carmichael numbers, which has been answered
affirmatively in 1994 [2], when Alford constructed 2% of them at once. There are “rules” for con-
structing Carmichael numbers which are quite similar to the rules given here for amicable numbers.
For example, (6k+1)(12k+1)(18k + 1) is a Carmichael number provided all three factors are primes.
The reader might study [2] to discover possible approaches to proving that there are infinitely many
amicable pairs.
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